
Some number theory results

11-6 and 11-8-2017 class notes

1. Maximum Power of 2 dividing n!
Given in terms of the binary expansion of n

Problem 66 in 5.2 is to show using induction that Tn! = n − Sn where for any natural
number m, Tm is the maximum power of 2 dividing m and Sm is the number of 1’s in its
binary expansion. The proof of this is quite simple once you break it down into two cases:
even and odd. Below I give the proof by induction as well as a direct proof which provides
more insight into how this equation comes about in the first place.

Proof by induction:
As shown in previous problem, Tmn = Tm + Tn. This is because we can break down any

number into a power of 2 times an odd number. Thus m = 2aM,n = 2bN with M,N odd
and a = Tm, b = Tn. Then mn = 2a+b(MN). Since product of two odds is odd, a + b turns
out to be the maximum power of 2 dividing mn. Thus Tmn = Tm + Tn.

Now assume by induction that Tn! = n− Sn.
Then we need to show that T(n+1)! = n+ 1− Sn+1.
Let us use the result we just proved to break down the maximum power of (n + 1)! by

writing (n+ 1)! = (n+ 1)× n!.
We get T(n+1)! = Tn+1 + Tn!.
Now use the induction hypothesis Tn! = n−Sn to write T(n+1)! = Tn+1+Tn! = Tn+1+n−Sn.

On the other hand we want to show T(n+1)! = n + 1 − Sn+1. Comparing the above two
equations, we get T(n+1)! = n+ 1− Sn+1 = Tn+1 + n− Sn.

So we see that it boils down to showing that

Tn+1 = Sn − Sn+1 + 1 (1)

Let the binary expansion of n+1 be n+1 = 2ak +2ak−1 + ...+2a1 +2a0 . Here a0, a1, ...., ak
are the powers of 2 that appear in the binary expansion of n + 1. a0 is the smallest power
and it could be 0 or not depending on whether n + 1 is odd or even. In either case a0 is
the smallest power of 2 dividing n + 1 and thus a0 = Tn+1. This is because we can write
Tn+1 = 2a0(1 + 2a1−a0 + ... + 2ak−a0) and the expression in the brackets is always odd. Also
the number of 1’s in the binary expansion of Tn+1 is just k + 1 and so Sn+1 = k + 1.

To prove equation (1) let us write it as Tn+1 − 1 = Sn − Sn+1.
n+ 1 is odd: If n+ 1 is odd then Tn+1 = 0 and n is even.
The binary expansion of n is just n = 2ak + 2ak−1 + ...+ 2a1 .
Thus we see that Sn = k = (k + 1)− 1 = Sn+1 − 1 =⇒ Sn − Sn+1 = 0− 1 = Tn+1 − 1.
n+ 1 is even: In this case Tn+1 = a0 6= 0.
Then n = (n+ 1)− 1 = (2ak + 2ak−1 + ...+ 2a1 + 2a0)− 1 = (2ak + ...+ 2a1) + (2a0 − 1).
Now 2a0 − 1 = 1 + 2 + 22 + ...+ 2a0−1 using the formula for sum of geometric sequence.
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Thus n = (2ak + ...+ 2a1) + 2a0−1 + 2a0−2 + ...22 + 2 + 1.
Note that the powers above are strictly descending and thus this IS the binary expansion

of n.
From this we see that Sn = k + a0 = k + Tn+1 = (k + 1) − 1 + Tn+1 = Sn+1 − 1 + Tn+1

and thus finally Sn − Sn+1 = Tn+1 − 1 and we are done.

Direct Proof: (easy way)

First of all, we could use the results we got above to write

Tn! = Tn+Tn−1+....+T2+T1 = (Sn−1−Sn+1)+(Sn−2−Sn−1+1)+...+(S2−S3+1)+(S1−S2+1)+(0)

where in the second equality we are repeatedly using equation (1) with n + 1 replaced
successively by n, n− 1, n− 2, ..., 3, 2, 1.

This is a telescoping sum where everything cancels out except the 1’s (of which there are
n− 1), S1 = 1, and −Sn, resulting in Tn! = (n− 1) + 1 + Sn = n− Sn.

This is nice enough – this is actually a proof without induction because to get equation
(1) we didn’t use induction. But it still doesn’t quite tell us why Tn! = n− Sn.

Direct Proof: (harder, really direct way)
So now let us get really direct. Let us start with just n− Sn and see if we can show that

it equals Tn!.
As we did for n+ 1 before let us expand n in powers of 2 and write

n = 2ak + 2ak−1 + ...+ 2a1 + 2a0 .

We are using the same indices but that is okay because we can now forget about n+ 1.
Since Sn is the number of 1’s in the binary expansion of n and that equals the number

of powers of 2 in the above expansion we get

n− Sn = (2ak − 1) + (2ak−1 − 1) + ...(2a1 − 1) + (2a0 − 1). (2)

The last term in the above will be 0 if n is odd.If n is even then a0 ≥ 1 and 2a0 − 1 ≥
2− 1 = 1.

Expanding each term in brackets on the RHS using formula sum of geometric sequence,
we get

n− Sn = (2ak−1 + 2ak−2 + ...+ 2 + 1) + ...+ (2a0−1 + 2a0−2 + ...22 + 2 + 1).

Again, if n is odd then a0 = 0 and the sum inside the last pair of brackets will be just 0.
If n is even then a0 ≥ 1 and the last sum will be at the least equal to 1.

Now let us rearrange this sum by collecting together the first term from each sum and
then the second term from each sum and so on:

n− Sn = (2ak−1 + 2ak−1−1 + ...+ 2a0−1) + (2ak−2 + ...+ 2a0−2) + ....
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As before we write this way with the understanding that the sum inside each brackets
will stop as soon as you reach 1.

To put it in a better way,

n− Sn = (2ak−1 + 2ak−1−1 + ...+ 2 + 1) + (2ak−2 + ...+ 2a0−2) + .... (3)

On the other hand since n! = 1× 2× 3× ....× n− 1× n we can try to figure out the total
power of two dividing every number in 1, 2, 3, ... upto n and just add them all up.

I claim that this is gives Tn! = V1 + ...+Vt where Vi is the number of integers m ≤ n with
2i|m. For example V1 is all numbers such that 21 = 2 divides them – this is just the even
numbers. Note that the maximum value of such i for all such m is t and t = ak because if
t > ak then 2t > n, given that n = 2ak + 2ak−1 + ... + 2a1 + 2a0 . For example, 1000 > 111
where both are binary numbers.

Why is Tn! = V1 + ... + Vt? Well, imagine lining up all the numbers upto n that are
divisible by some 2i. First we take one power of 2 from all the even numbers, which is just
V1. Then there would be still some power of 2 left in the even numbers that are multiples of
22 = 4, which is just V2 and we take one power of 2 from each of them, and so on, until we
exhaust all the powers of 2 from all the numbers 1,2,3,..., n.

Now what is V1? Well, it is the number of even numbers, of course, and it equals bn/2c
( bn/2c is the greatest integer ≤ n/2 ). Because if 1 ≤ m ≤ n and m = 2M then 2 ≤ 2M ≤
n =⇒ 1 ≤M ≤ n/2.

But what is bn/2cin terms of binary expansions? I claim that it is the first sum in
equation (3), namely 2ak−1 + ... + 2a0−1. First, n/2 = 2ak−1 + 2ak−1−1 + .... + 2a0−1 because
n = 2ak + 2ak−1 + ... + 2a1 + 2a0 . Of course the last term will be a fraction if a0 = 0. But
a1 ≥ 1 and so the terms from 2a1−1 upwards will not be fractions. When you calculate bn/2c
the fractional part is discarded. On the other hand, as already agreed, if 2a0−1 is a fraction,
then it wouldn’t be appearing in the sum 2ak−1 + ...+ 2a0−1 anyway.

Similarly I claim that V2 = bn/4c is the second sum in equation (3), namely 2ak−2 + ...+
2a0−2. First, n/4 = n/22 = 2ak−2 + 2ak−1−2 + .... + 2a0−2. Of course the last term will be a
fraction if a0 = 0 or 1. Same if a1 = 1. But a2 ≥ 2 and so the terms from 2a2−2 upwards will
not be fractions. When you calculate bn/2c the fractional part is discarded. On the other
hand, as already agreed, if 2a0−2 or 2a1−2 is a fraction, then they wouldn’t be appearing in
the sum 2ak−2 + ...+ 2a0−2 anyway.

Continuing this way we get that

Tn! = bn/2c+ bn/4c+ ...+ bn/2tc = V1 + V2 + ..+ Vt

= (2ak−1 + 2ak−1−1 + ...+ 2 + 1) + (2ak−2 + ...+ 2a0−2) + .... = n− Sn
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Fermat Numbers and the Primes
Problems 5.1.36, 5.1.37 and 5.1.38

The Fermat numbers, which I will denote by Fn, are numbers of the form 22n + 1.
From wikipedia: (can also learn about them from most elementary number theory books)

The first five of them, i.e, F0, F1, F2, F3, F4 are primes. But after that no Fermat number
has been found that is a prime. In fact, each of the following is an open problem:

Is Fn composite for all n > 4?
Are there infinitely many Fermat primes? (Eisenstein 1844)
Are there infinitely many composite Fermat numbers?

In 5.1.36, we have to show that

F0 × F1 × F2 × ...× Fn−1 = Fn − 2. (4)

Proof: Fn−2 = (22n +1)−2 = 22n−1. Now we can use the formula x2−1 = (x−1)(x+1)
in the following way:

Fn − 2 = 22n − 1 = 22×2n−1 − 1 = (22n−1

)2 − 1 = (22n−1 − 1)(22n−1

+ 1) = (Fn−1 − 2)Fn−1.

So we get a recursive formula that can be applied repeatedly. For example if we apply it
with n− 1 in place of n we get

Fn−1 − 2 = (Fn−2 − 2)Fn−2.

After applying it for the n−th time we would get

Fn−2 = (Fn−1−2)Fn−1 = ((Fn−2−2)Fn−2)Fn−1 = ....... = (F0−2)×F0×F1×...×Fn−2×Fn−1.

But F0 − 2 = (2 + 1)− 2 = 1 so we get equation (4).

In 5.1.37, we have to show using equation (4) that the Fi are all relatively prime – i.e,
they have no factor in common except 1.

Proof by contradiction: Suppose there was a common factor. Then there would be
a common prime factor. Let it be p. Then p|Fi and p|Fj. Assume i < j without loss of
generality.

Then Fj−2 will have Fi as a factor, by using equation (4) with j = n. So p|Fi =⇒ p|(Fj−
2). But then we already have p|Fj. Together, p|Fj and p|Fj − 2 imply that p|(Fj − (Fj − 2))
– i.e, p|2. But since p is a prime, p|2 means p = 2. This means Fi, Fj are even but this is
clearly false because they are of the form 2M + 1 and thus odd. So we get a contradiction.

In 5.1.38, we have to show that there are infinite number of prime numbers, using the
previous result. But this is easy because if there are an infinite set of natural numbers that
have no prime factors in common (because they have no factors at all in common, other than
1) then there have to be an infinite number of primes. Otherwise, after a while they would
have to have the same prime factors.
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The GCD of a, b as a linear combination of a, b.
Problems 30-34 in 5.3

To write the GCD of a, b denoted as (a, b) as a linear combination (a, b) = as + bt with
s, t being integers, we start by looking at X the set of all such linear combinations that are
also positive.

First of all, we can assume a, b > 0 because otherwise we can just choose s, t with the
right signs and get the same result.

Now, clearly the set X will be non-empty because a+ b is a positive linear combination.
So by the well-ordering property of natural numbers, X will have a least element, say g.

The claim is that g is the GCD (a, b).
First, since g ∈ X, we have g = as0 + bt0 for some integers s0, t0.
So any number that divides both a and b would have to divide g also because we can

factor out such a common divisor from as0 + bt0.
Since g is positive, any divisor of g would have to be ≤ g.
So if g is a common divisor of a and b then it would be also the greatest common divisor.

We just need to prove that g|a and g|b.
We will prove that g|a. Proof for g|b will be identical.
Proof by contradiction: Suppose a = kg + r with r > 0. Note that r < g no matter

what. Here we divided a by g and by the Euclidean algorithm there will be a remainder r
and since we assume g 6 |a the remainder would have to be > 0.

Now a = a(1) + b(0) – i.e, a itself is a positive linear combination of a and b. It is easy to
show that the sum or difference of two linear combinations of any two numbers a and b will
also be a linear combination of a and b. Thus a − kg = r will also be a linear combination
of a and b. Since r > 0 we have r ∈ X. But then g is the least element in X so r ≥ g. This
contradicts the fact that r < g. Hence r = 0 and g|a.

The inverse of an integer modulo another.
Problems 42 and 43 of 5.3.

If two integers n and φ are relatively prime to each other then their GCD is 1. By the
previous result we have 1 = nx+ φy for some integers x, y. But this means n and x are the
inverses of each other modulo φ. This is explained in the remarks preceding Example 5.3.11
in the textbook. So the set of remainders modulo a given integer that are also relatively
prime to that integer (called the modulus) has the property that each element has an inverse.
It is also shown there that this inverse also can be chosen to be a positive remainder < φ.
Now 1 = nx + yφ also means that x, φ are also relatively prime to each other. So the set
of positive remainders mod φ that are less than φ and relatively prime to φ is closed with
respect to the inverse property.

In problem 42 it says that 6 has no inverse modulo 15 and asks why that is not a
contradiction. It is not because 6 and 15 have 3 as a common factor, so they are NOT
relatively prime to each other.
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In problem 43 it asks you to show that n > 0 is invertible modulo φ > 1 iff (n, φ) = 1.
It was already shown that if two integers n and φ are relatively prime to each other then n
has an inverse modulo φ. So we only need to prove the converse. Proof is just one line:

∃x such that nx ≡ 1 mod φ =⇒ φ|(nx− 1) =⇒ ∃y such that nx− 1 = yφ

=⇒ 1 = nx− yφ =⇒ (n, φ) = 1.

6


